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Shape completion is an intriguing problem in geometry processing with applications in
CAD and graphics. This paper deﬁnes a new type of 3D curve, which can be utilized for
curve completion. It can be considered as the extension to three dimensions of the 2D
Euler spiral. We prove several properties of this curve – properties that have been shown
to be important for the appeal of curves. We illustrate its utility in two applications. The
ﬁrst is “ﬁxing” curves detected by algorithms for edge detection on surfaces. The second
is shape illustration in archaeology, where the user would like to draw curves that are
missing due to the incompleteness of the input model.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
3D curves convey important information about the shape. They are signiﬁcant in modeling, in non-photo realistic ren-
dering, and in a variety of mesh analysis algorithms [1–3]. There exist several curve detection algorithms, which produce
appealing results [2,4–6]. However, sometimes the resulting curves appear broken due to the inability of the algorithm to
detect curves at noisy surface patches. Moreover, in some applications the objects are broken, and naturally, curves are
missing there. In these cases the user wishes to complete the broken curves or create additional curves from scratch.
Shape completion has been an important task in computational geometry with applications to CAD and computer graph-
ics [7–9]. While most of the work has focused on completing or repairing polyhedra and CAD models, this paper focuses on
completing curves in three dimensions. It presents a practical solution to the problem, which is demonstrated by real-life
data.
Given two point–tangent pairs, one way to complete them is to use any of the variety of polynomial curves, such
as splines [10,11] or Pythagorean Hodograph [12,13]. Such curves possess many attractive properties, however, Fig. 1(b)
illustrates that they (in this case Hermite splines) might not always produce the preferable results. This is also supported
by psychological studies that indicate that splines may be unsatisfactory for curve completion [14].
This paper deﬁnes a new type of 3D curves that can be used for this purpose (Fig. 1(a)). We show that our curves are not
only appealing, but also qualitatively outperform some splines. In a nutshell, our curves can be considered as an extension
to 3D of the planar Euler spirals. An important consideration in aesthetic curve design is the curve’s fairness [15], which
has been shown to be closely related to how little and how smoothly a curve bends. An Euler spiral, also referred to as a
clothoid or a Cornu spiral, is an example of such an aesthetic curve. Its curvature varies linearly with arc-length [16–18]. Our
proposed curve has both its curvature and torsion change linearly with length.
The contribution of this paper is threefold. First, the paper deﬁnes the 3D Euler spiral (Section 4) and proves that it
satisﬁes some desirable properties – properties that have been claimed to produce eye-pleasing curves [19] (Section 5). In
particular, we prove that our curves are invariant to similarity transformations and that they are symmetric, extensible (i.e.,
reﬁnable), smooth, and round (i.e., if the boundary conditions lie on a circle, then a circle is the limiting case of an Euler
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116 G. Harary, A. Tal / Computational Geometry 45 (2012) 115–126Fig. 1. 3D Euler spirals (red) complete the curves on a broken Hellenistic oil lamp – curves that would most likely be drawn if the model were complete. The
scale of the Hermite splines is determined manually (magenta), since the automatically-scaled splines (green) are inferior due to the large ratio between
the length of the curve and the size of the model. Note the perfect circular arcs of our curves. (For interpretation of the references to color in this ﬁgure,
the reader is referred to the web version of this article.)
spiral that satisﬁes the boundary conditions, as illustrated in Fig. 1(a)). Second, we present a parameter-less algorithm for
computing these curves (Section 6). Last but not least, we demonstrate the use of these curves in two curve completion
applications (Section 7).
In the ﬁrst application, our spirals complete curves that are detected on surfaces using curve detection algorithms. The
curves often have missing segments due to “weak” surfaces patches. The second application is curve completion of broken
shapes, such as archaeological artifacts. Currently, this task is performed by drawing the missing curve segments manually
in 2D. This is an expensive and time-consuming process, which is prone to biases. Our curves can replace this manual
task while performing it in 3D, directly on the scanned artifact. With the growing popularity of digital documentation in
archaeology, the ability to draw curves in 3D is becoming ever more important.
A preliminary version of this paper was published in the Annual Symposium on Computational Geometry (SoCG) 2010
[20], accompanied by a video that complements it [21].
2. Related work
2.1. Curve completion
Given two point–tangent pairs, the most common way to perform completion is to use splines, such as a cubic Hermite
spline [10,11]. Splines are fast and easy to compute, but they are not always the curves preferred by the human visual
system.
Ullman [22] suggests properties that 2D curves should satisfy: invariance to rigid transformations, smoothness, minimiza-
tion of the total curvature, and extensibility. These properties led to a Biarc solution – a curve consisting of two circular arcs.
Biarcs are smooth and invariant to rigid transformations, but they do not guarantee that the total curvature is minimized
and they are not extensible [23]. Biarcs are generalized to 3D in [24,25].
Knuth [19] proposes different properties of eye-pleasing 2D curves through a set of points: invariance to similarity trans-
formations and cyclic permutations (for closed curves), extensibility, smoothness, roundness, and being locally constructed.
Knuth also shows that the latter four properties cannot be simultaneously satisﬁed. These properties are the base of the
METAFONT system of LATEX. [19,23,26] propose to use 2D cubic splines, giving up extensibility and roundness.
Another way to construct curves is Elastica [27–30], which refers to the curves that minimize the total square curvature
of the curve:
E
[
κ(s)
]=
L∫
0
κ2(s)ds,
where s ∈ [0, L] is the arc-length parameter and κ(s) is the curvature. Horn [27] argues that Elastica is the “smoothest” 2D
curve to complete the gap between two point–tangent pairs. It is extensible, but neither scale-invariant nor round. Already
in 1906 [31] discussed Elastica for 3D curves. A curve that approximates the solution to Elastica in 3D is explicitly deﬁned
in [29]. In 2D this curve is the 2D Euler spiral (discussed next), which has a linear curvature. In 3D, the curvature of this
curve is expressed as a hyperbola.
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A variety of spirals have been investigated in computer graphics both in 2D and in 3D. They include logarithmic spi-
rals [1], Helispirals [32], and Euler spirals [17,20]. 3D Logarithmic spirals have a linear radius of curvature and a linear
radius of torsion. Helispirals extend the 2D Archimedean spirals to 3D. In cylindrical coordinates, the radius length and the
z coordinate of the spiral depend linearly on the angle. We focus on Euler spirals.
2.3. 2D Euler spirals
Euler spirals are curves whose curvature evolves linearly along the curve. They were discovered independently by three
researchers [17]. In 1694 Bernoulli wrote the equations for the Euler spiral for the ﬁrst time, but did not draw the spirals or
compute them numerically. In 1744 Euler rediscovered the curve’s equations, described their properties, and derived a series
expansion to the curve’s integrals. Later, in 1781, he also computed the spiral’s end points. The curves were re-discovered in
1890 for the third time by Talbot, who used them to design railway tracks. Euler spirals are also known as “Cornu spirals”
(after Cornu who plotted them) and “Clothoid” (after Clotho, the youngest of the three Fates of Greek mythology). They are
deﬁned as the curves that penalize the curvature variation, hence minimizing the following (κs is the derivative of κ ):
E
[
κ(s)
]=
L∫
0
κ2s (s)ds.
In [14] psychological experiments show that in 2D an interpolation between two point–tangent pairs using Euler spiral
outperforms parabolic curves and circular arcs. This is attributed to its monotonous change in curvature, which has a good
ﬁt to the way the human eye interpolates curves.
2D Euler spirals are used in computer aided design. In [27,33] they are used as an approximation to the solution of
Elastica. In [34] the conditions under which the spirals can form a transition curve are investigated. Two spirals are used
in [35] to form a parabola-like segment between consecutive points of a control polygon. In [18] a formulation for ﬁtting
spiral primitives to a dense polyline data is developed.
In [16] an algorithm is described for 2D curve completion using an Euler spiral. The algorithm is an iterative gradient-
descent, initialized by a 2D Biarc. Since there are inﬁnite possible Biarcs, the Biarc that minimizes the total curvature
variation is chosen. Some properties that characterize eye-pleasing curves are also proved. In [36] a faster and more accurate
algorithm is proposed. It is proved that given two point–tangent pairs, there always exists an Euler spiral that interpolates
them.
2.4. 3D Euler spirals
An attempt to generalize Euler spirals to 3D, maintaining the linearity of the curvature, is presented in [37]. A given
polygon is reﬁned, such that the polygon satisﬁes both arc-length parameterization and linear distribution of the discrete
curvature binormal vector. The algorithm ignores the torsion, despite being an important characteristic of 3D curves.
We propose a novel algorithm, which produces continuous, rather than discrete, curves and takes both curvature and
torsion into account. The algorithm, which is inspired by [16], is general and does not require an initial polygon. We prove
that our curve satisﬁes properties that characterize fair and appealing curves and reduces to the 2D Euler spiral in the
planar case.
3. Background
A spatial curve C(s) is determined by its curvature κ(s) and its torsion τ (s). Intuitively, a curve can be obtained from a
straight line by bending (curvature) and twisting (torsion).
This section reviews the Frenet–Serret equations and the Euler–Lagrange equations, which will be necessary in the deriva-
tion of our 3D Euler spirals. In the following, T (s) = dCds (s) is the unit tangent vector, N(s) is the unit normal vector, andB(s) = T (s)×N(s) is the binormal vector. We assume an arc-length parameterization.
3.1. Frenet–Serret equations
Given a curvature κ(s) > 0 and a torsion τ (s), according to the fundamental theorem of the local theory of curves [38],
there exists a unique (up to rigid motion) spatial curve, parameterized by the arc-length s, deﬁned by its Frenet–Serret
equations, as follows:
dT (s)
ds
= κ(s) N(s),
d N(s) = −κ(s)T (s) + τ (s)B(s),
ds
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dB(s)
ds
= −τ (s) N(s). (1)
The curve C is deﬁned by:
C(s) =
s∫
0
T (v)dv + x0 =
s∫
0
[ t∫
0
dT (u)
du
du + T0
]
dt + x0.
3.2. Euler–Lagrange equation
The Euler–Lagrange Equation is fundamental in calculus of variations [39]. It is a differential equation, useful for solving
optimization problems in which, given some functional, one seeks the function that optimizes it. It is satisﬁed by a function
q of a real argument s, which is a stationary point of the functional
S(q) =
s2∫
s1
L(s,q(s),q′(s))ds, (2)
where q = (q1, . . . ,qn) is the function to be found, q′ = (q′1, . . . ,q′n), q′i = dqids , i = (1, . . . ,n), and the positions q(s1) and q(s2)
are deﬁned.
The function q that optimizes Eq. (2) satisﬁes the Euler–Lagrange equations:
d
ds
(
∂L
∂q′i
)
− ∂L
∂qi
= 0 (i = 1, . . . ,n). (3)
4. 3D Euler spirals
This section deﬁnes the 3D Euler spiral – the curve having both its curvature and torsion evolve linearly along the curve
(Fig. 2). Furthermore, we require that our curve conforms with the deﬁnition of a 2D Euler spiral. We start with some
intuition, then deﬁne the 3D Euler spiral, and ﬁnally prove its existence and uniqueness up to a rigid transformation.
We seek a functional that will penalize the change in curvature and torsion along the curve. Thus, the curve should
minimize the sum of the square variation of the curvature and the torsion. Formally, we require that the following integral
be minimized:
S((κ, τ ))=
L∫
0
[
κ2s (s) + τ 2s (s)
]
ds, (4)
where L is the curve’s length, κs = ∂κ∂s , and τs = ∂τ∂s . Note that in the planar case τ = 0, therefore our deﬁnition indeed
conforms with the deﬁnition of the 2D Euler spiral.
Minimizing Eq. (4) can be performed using the Euler–Lagrange equation. In our case, Eq. (4) corresponds to Eq. (2) as
follows:
q1(s) → κ(s),
q′1(s) → κs(s),
q2(s) → τ (s),
q′2(s) → τs(s),
L(s,q(s),q′(s)) → [κ2s (s) + τ 2s (s)].
Hence, the corresponding Euler–Lagrange equations are (by Eq. (3)):
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d
ds
(
∂(κ2s + τ 2s )
∂κs
)
= 0 ⇒ d
ds
(2κs) = 0 ⇒ κss = 0,
τ :
d
ds
(
∂(κ2s + τ 2s )
∂τs
)
= 0 ⇒ d
ds
(2τs) = 0 ⇒ τss = 0.
By integrating κss and τss twice, these equations lead to a curve whose curvature and torsion evolve linearly. Thus, for
some constants κ0, τ0, γ , δ ∈R, and for 0 s L:
κ(s) = κ0 + γ s, τ (s) = τ0 + δs. (5)
In summary, we have shown that the curve that minimizes our functional (Eq. (4)) is a curve whose curvature and
torsion change linearly along the curve. Thus, we can deﬁne our curve as follows:
Deﬁnition 4.1 (3D Euler spiral). The 3D curve whose curvature and torsion evolve linearly with arc-length.
Note that since our curve has a linear relation between the curvature and torsion, it is a special case of Bertrand
curves [40]. This, however, neither helps in deriving the properties proved in Section 5 (which do not hold for general
Bertrand curves) nor provides a method for constructing them (Section 6).
Finally, the following proposition proves the existence of this curve and its uniqueness up to a rigid transformation.
Proposition 4.1. Given constants κ0, τ0, γ , δ,∈R, there exists a 3D Euler spiral having a linear curvature κ(s) = κ0 +γ s and a linear
torsion τ (s) = τ0 + δs. Moreover, this curve is unique up to a rigid transformation.
Proof. By deﬁnition of the curvature of curves in R3, κ(s) = ∣∣ d2 C
ds2
(s)
∣∣  0. According to the fundamental theorem of local
theory of curves, for every differential function with κ(s) > 0 and τ (s), there exists a regular parameterized curve, where
κ(s) is the curvature, τ (s) is the torsion, and s is the arc-length parameterization [38]. Moreover, any other curve satisfying
the same conditions, differs by a rigid motion.
If κ(s) = 0 ∀s, the curve is a straight line, which is unique up to a rigid transformation. It is also possible that κ(s) = 0
for a single point. In this case, the tangent and hence the curve are well-deﬁned at this point, which is the inﬂection point
at which the normal switches directions. (Note that by our deﬁnition κ(s) may be negative. In this case, we consider |κ(s)|
and regard the switch of the sign as a change of the normal direction.) 
5. Properties of 3D Euler spirals
The aesthetics of curves has been studied in a variety of papers [16,19,22]. In addition to having its curvature and torsion
change linearly – a property acknowledged to characterize eye-pleasing curves – this section proves that our 3D Euler curves
also hold the following properties.
1. Invariance to similarity transformations (translation, rotation, and scaling).
2. Symmetry: The curve leaving a point x0 with tangent T0 and reaching a point x f with tangent T f , coincides with a
curve leaving x f with tangent −T f and reaching x0 with tangent −T0.
3. Extensibility: For every point xm ∈ C between points x0 and x f , curves C1 between x0 and xm and C2 between xm and
x f coincide with C , each in its own section.
4. Smoothness: The tangent is deﬁned at every point, i.e., ∂C
∂s is ﬁnite. (In fact, our curves are C
∞-smooth.)
5. Roundness: Given two point–tangent pairs lying on a circle, the circle that satisﬁes the initial conditions is an Euler
spiral.
The importance of this property is demonstrated in Figs. 1, 5, 6(a), where our spirals are both appealing and correct,
since the boundary conditions indicate completion by a circular arc. Constructively, it is possible to identify the circu-
larity of the initial conditions [16] and construct the circular sought-after Euler spiral.
Proposition 5.1. A 3D Euler spiral is invariant to similarity transformations.
Proof. Invariance to rotation and translation results from Proposition 4.1. Scaling a curve by a factor λ scales the arc-length
between points by a factor λ, while both the curvature and the torsion are scaled by a factor 1/λ. Therefore, the linear
dependence of both κ(s) and τ (s) on the arc-length is preserved. 
Proposition 5.2. A 3D Euler spiral is symmetric.
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κ0, τ0, γ , δ, L. We need to show that Csym (parameterized backward) is a 3D Euler spiral that interpolates the point–tangent
pairs (x f ,−T f ) and (x0,−T0) and coincides with C .
By deﬁnition, the reverse parametrization of a curve maps the arc-length parameter s to L − s and leaves both the
curvature and the torsion unaffected. Therefore, the linear dependence of κ(s) and τ (s) on the arc-length is preserved.
Moreover, since the tangent vectors are multiplied by (−1), the inverse parametrization creates a spiral that matches the
reversed boundary conditions. 
Proposition 5.3. A 3D Euler spiral is extensible.
Proof. The linear dependence of the curvature and the torsion on the arc-length does not rely upon the interval in which
the curve is considered. Thus, if C is a 3D Euler spiral interpolating the point–tangent pairs (x0, T0) and (x f , T f ), for any
point–tangent pair (xm, Tm) taken from the curve segment C , the restriction of the curve C to a smaller segment will be an
interpolating 3D Euler spiral for the boundary data (x0, T0) and (xm, Tm). The same applies to the boundary data (xm, Tm)
and (x f , T f ). 
Proposition 5.4. A 3D Euler spiral is smooth.
Proof. According to Proposition 4.1, there exists a solution for the Frenet–Serret equations. Therefore, ∂C
∂s = T (s) is deﬁned
for every 0 s L. 
Proposition 5.5. A 3D Euler spiral is round.
Proof. For given two point–tangent pairs lying on a circle, the circle deﬁned by κ0 = 0, τ0 = 0, γ = 0, δ = 0 is a solution
for the Frenet–Serret equation. 
6. Curve construction algorithm
In Section 4 we have shown that given curve parameters κ0, τ0, γ , δ, L ∈ R and initial conditions x0, T0 and N0, there
exists a 3D Euler spiral determined by these parameters and satisfying the initial conditions.
In practice, however, we are given two points and their associated tangents (x0, T0) and (x f , T f ). Our goal is to ﬁnd
the parameters κ0, τ0, γ , δ, L ∈R that deﬁne the 3D Euler spiral that starts at x0 and T0 and minimizes both the difference
between the curve’s position at s = L and x f , and the difference between the curve’s tangent at s = L and T f . In other
words, we attempt to minimize the following error:
 = (x + T ),
x =
[(
x(L) − x f
)2 + (y(L) − y f )2 + (z(L) − z f )2],
T =
[(
Tx(L) − T f ,x
)2 + (T y(L) − T f ,y)2 + (Tz(L) − T f ,z)2]. (6)
We experimented with other weights of x and T as well, but they were not proven beneﬁcial.
We propose the Gradient-descent approach to ﬁnd the parameters of the 3D Euler spiral that minimizes the error in
Eq. (6). This approach, which guarantees convergence to a local minimum, is described below and explained thereafter.
Algorithm 1 Gradient-descent 3D Euler spiral construction
1: Parameter initialization 〈κ0, τ0, γ , δ, L〉
2: While the current error  and the current step size 	 are large:
3: Calculate the gradient direction
4: Deﬁne the step size 	
5: Update the curve parameters 〈κ0, τ0, γ , δ, L〉
6.1. Parameter initialization (step 1)
The 3D Euler spiral is initialized using a planar Euler spiral [36]. The question is which plane to choose. We deﬁne the
plane for which three out of the four boundary conditions hold: x0, x f , and T0. Therefore, the plane (whose normal is
denoted by N0) is deﬁned by two vectors: T0 and the vector between x0 and x f . Note that the resulting planar Euler spiral
interpolates T0 at x0 and the projection of T f onto the plane at x f . The parameters of this 2D spiral κ0, γ , L are used to
initialize our curves. Since it lies on a plane, the torsion’s parameters are initialized to zero (τ0 = 0, δ = 0).
Our experiments indicate that this initialization gives a good approximation to κ0 and γ , which hardly change afterwards.
We also tested other initialization methods (e.g., Hermite spline, 3D Biarc, and 2D Euler spiral on the binormal plane). We
found that our initialization is the fastest and the most accurate.
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First, the gradient direction, which is the direction of the steepest descent, is calculated. Since the curve is described as
a set of differential equations that do not have an explicit solution, we cannot explicitly ﬁnd the best gradient direction.
Instead, at each iteration, we ﬁrst ﬁnd the parameters among κ0, τ0, γ , δ, L, that when modiﬁed by ±	, yield a decrease
of the error  . We then compare the Euler spirals that result by modifying only one of these parameters to the spiral that
results by modifying them all, and choose the spiral that obtains the minimum error  .
Each of these candidate curves is computed by numerically solving the Frenet–Serret equations. This is done by sampling
the arc-length parameter s uniformly and solving the equations at these sampled points, using the Euler method [41]. This
method only needs the solution at the immediately preceding point to compute the function at the next point. The ﬁrst
point is the input x0, T0 and the normal ˜N0. The normal is deﬁned as the unit vector perpendicular to T0 on the initial
plane.
Next, the step size is modiﬁed. If the error  of the chosen direction is smaller than the error obtained in the previous
iteration, 	 is unchanged. Otherwise, it is decreased to 3	4 .
Finally, the parameters are updated. If 	 is unchanged, the parameters that determined the gradient direction are up-
dated according to the chosen direction.
6.3. Termination (step 2)
In our experiments, 	 is initialized to 0.1. The algorithm runs until 	 < 1e–5 or the error  < 1e–6. Smaller values yield
negligible changes to the curves.
6.4. Optional bound on L (step 5)
Since our curve is a spiral, the obtained solution can have multiple revolutions. For the type of input we expect, it is
often desirable to limit the solution to have at most one revolution. This is done by bounding the parameter L, as follows.
We ﬁrst approximate the maximal possible length as the length of the planar Euler spiral with parameters κ0, γ . Since the
tangent angle of such a curve is θ(s) = 12γ s2 + κ0s + θ0 [16], we require that
θ(L) − θ0 = 1
2
γ L2 + κ0L  2π.
6.5. Implementation issues
Calculating the numerical solution to the Frenet–Serret equations at each iteration of the Gradient-descent algorithm
might be expensive. In addition, the number of samples along the curve should be carefully determined. Using too many
samples will result in a long computation time, while too few samples will cause accuracy problems and result in a large
error  . To accelerate the computation while using a ﬁxed and rather small number of samples, we scale the region of
interest to the box (−1,−1,−1), (1,1,1), prior to applying Algorithm 1, and then scale it back. Recall that Proposition 5.1
allows us to scale the problem back and forth.
In practice, the problem is ﬁrst translated by −x0. Then, it is scaled by D = max(x = |x f − x0|,  y = |y f − y0|,  z =
|z f − z0|), while leaving the tangents at the endpoints unaltered. Then, the curve’s parameters are found by Algorithm 1
using 100 samples along the curve for performing the numerical calculations. Once a solution is obtained, it is scaled back
to the original range.
7. Results and applications
This section demonstrates the use of our spirals in two curve completion applications. In the ﬁrst, the entire model
(a triangular mesh) is given, but the algorithm for edge detection on surfaces generates incomplete curves. This is a common
problem with most edge-detection algorithms, which may be vital for the shape analysis algorithms that use these curves. In
the second application, the given models are broken – a situation prevalent in archaeology. The user is interested in drawing
the curves that would be drawn should the entire model be given. In both cases, the user needs only mark the endpoints
of the curves and the system creates an Euler spiral between the given endpoints. No parameter tuning is necessary.
7.1. Curve completion on polyhedral surfaces
Edge detection in images has been extensively investigated from the early days of computer vision. Edge detection on
surfaces, on the other hand, has received much less attention. Edges on surfaces are the outcome of the surface geometry
only. Consequently, some geometric conditions of the surface (due to noise, erosion, etc.) result in broken or missing edges.
Our ﬁrst application addresses this problem and allows the completion of these curves on the surface.
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(For interpretation of the references to color in this ﬁgure, the reader is referred to the web version of this article.)
Fig. 4. Completing suggestive contours [4] on the Buddha – 3D Euler spirals (red) and Hermite splines (green). Note how the spirals nicely capture the “S”
shapes. (For interpretation of the references to color in this ﬁgure, the reader is referred to the web version of this article.)
Fig. 5. Completing apparent ridges [5] on the Column model: Our Euler-spiral completion (red) is circular and resembles the real column. (For interpretation
of the references to color in this ﬁgure, the reader is referred to the web version of this article.)
Figs. 3–6 demonstrate the use of our spirals for completing the curves detected by various edge detection algorithms:
suggestive contours [4], apparent ridges [5], valleys and ridges [6], and demarcating curves [2]. In this application the user
needs only choose the endpoints of existing curves that should be connected, since the system can automatically compute
the tangents at these endpoints.
Our curves are also compared to the results obtained using Hermite splines. Since Hermite splines depend on the mag-
nitude of the tangent, we used automatic scaling. The tangents provided for the computation of the Hermite splines are
multiplied by D (described in Section 6), so as to relate their length to the distance between the endpoints.
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apparent ridges [5] on the Bust model ((c) – zoom in).
Fig. 7. Analysis of the projected curves of the “S”-shape from Fig. 3. Top: the curvature and the torsion of the 3D curves. Bottom: the curvature and the
torsion of the projected curves. Our projected curve maintain approximately the same properties of the curvature and the torsion, whereas these properties
change considerably in the case of Hermite spline.
It can be seen that our curves manage to satisfactorily complete the curves, regardless of how they were created. The
two features that are most visible in our spirals, are the ability to create perfect circular arcs (Figs. 5, 6) and the “natural”
S-shapes (Fig. 4).
In this application, the generated curves should lie on the surface. Since our curves are not constrained to lie on any
surface, the produced 3D Euler curves are projected to the surface. This is done by projecting each point on the curve to its
closest point onto the mesh. Though this method is straightforward, it yields good results.
To further examine the quality of the projected curves, we compare the curvature and the torsion of the projected
curves with those of the 3D curves. Fig. 7 shows the results on the “S”-shape completion from Fig. 3. It can be seen that
the curvature and the torsion of our projected curve are approximately linear. On the other hand, when projecting the 3D
Hermite spline to the object, the curvature and the torsion change considerably. This is so since our spirals are close to the
surface to start with.
124 G. Harary, A. Tal / Computational Geometry 45 (2012) 115–126Fig. 8. Completing a broken oil lamp. (a) Archaeological drawing of a lamp [42]. (b–c) Completion of a similar lamp in 3D. The 3D Euler spirals (red)
are more appealing than the Hermite splines (green) due to the nice circles produces. This is guaranteed by the roundness property of our curves. (For
interpretation of the references to color in this ﬁgure, the reader is referred to the web version of this article.)
Fig. 9. Completing ridges [6] on a broken amphora.
7.2. Shape illustration in archaeology
Archaeology has recently attracted a lot of attention in geometry processing [43–46]. In this paper we focus on one
aspect of archaeological research – relic completion. Many of the artifacts found by the archaeologists are scanned and need
to be processed and analyzed. These artifacts are often broken and eroded and thus are diﬃcult to handle. One speciﬁc
problem is the drawing of the artifact, which is traditionally performed manually by archaeological artists in 2D, as shown
in Fig. 8(a). This is an expensive and time-consuming procedure, which is prone to biases and inaccuracies. Our curves
propose a 3D alternative, as illustrated in Fig. 8(b–c).
Figs. 9–12 show several additional models, which show that our completed curves are not only more appealing, but also
better resemble the shape of the original unbroken models. For example, the curl completion in Fig. 10 demonstrates the
S-shape property of our spirals, while the ear completion illustrates a more “circular” shape. Fig. 11 demonstrates that since
our curves have more “volume”, they avoid intersecting the mesh, which might occur when using the Hermite completion.
Fig. 12 shows a comparison also to the 3D Biarcs of [24]. In addition to a visual comparison, we also depict the curves’
curvature and torsion. It can be seen that at the point of connection between the planar arcs, Biarcs have a singular torsion
point and a large jump in the curvature.
7.3. Running times
The algorithm was implemented in Matlab and C and ran on a 2 Ghz Intel Core 2 Duo-processor laptop with 2 Gb of
memory. The running time, which depends on the complexity of the required interpolation curve, is 0.01–0.5 second for the
curves demonstrated in this paper. The further the curve is from being planar, the longer the time required. This is probably
due to initializing the torsion to zero. The size of the model has little affect on the time; it is relevant only when projection
is performed. The projection itself is straightforward and quick to compute.
8. Conclusion
This paper presents a novel deﬁnition of curves, which extends the 2D Euler spiral to 3D. We proved that for given
parameters, a unique curve always exists. Moreover, we showed that our curves satisfy several desired aesthetic proper-
ties, including invariance to similarity transformation, symmetry, extensibility, smoothness, and roundness. Given boundary
G. Harary, A. Tal / Computational Geometry 45 (2012) 115–126 125Fig. 10. Completing a (manually) broken head sculpture. The 3D Euler spirals (red) nicely compute the S-shaped curl. The Euler completion of both the curl
and the ear are more similar to the original model than the Hermite completion (green). (For interpretation of the references to color in this ﬁgure, the
reader is referred to the web version of this article.)
Fig. 11. Completion of a broken Hellenistic lamp. Ridges and valleys [6] are used to determine initial conditions. Our curves (red) manage to capture the
true volume of the shape, while the Hermite splines (green) intersect the broken model. (For interpretation of the references to color in this ﬁgure, the
reader is referred to the web version of this article.)
Fig. 12. The completion of a (manually) broken pot. (a–d) Our curves better resemble the original unbroken model. (e–f) The curvature and the torsion of
the right curve. Biarcs have a singular torsion point and a large jump in the curvature.
conditions – endpoints and tangents – this paper proposed a novel technique for generating these curves, based on the
gradient-descent approach.
The utility of our curves is demonstrated for edge completion on polyhedral surfaces and for artifact illustration in
archaeology – a task that is traditionally performed manually in 2D. In archaeology, when automatic 3D curve drawing
replaces the traditional manual 2D drawing, automatic or interactive curve completion, would be the only alternative. We
126 G. Harary, A. Tal / Computational Geometry 45 (2012) 115–126believe that the proposed curves may be found a feasible alternative for additional applications involving shape design,
artistic design, and shape analysis.
In the future, we wish to prove existence of the curves given point–tangent boundary conditions. In 2D, an algorithm
was ﬁrst established [16] before existence was proved several years later [36]. We hope that the same will happen in 3D.
In practice a solution exists for all the inputs we tried.
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